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SYUOJSIS 


In a very general sense, differential and incegral equations 
arise in such diverse areas as phj-sical, baologica; , oceanographic 
and engineering sciences. The manner in which such equations arise 
and their importance to various physical phenomena have been 
investigated by many scientists. However untill quite recently, 
attempts have not been made to develope and unify uhe theory of 
perturbations such as the theory of ordinary differential equations 
with impulsive perturbations and integral equations with discontinuous 
perturbations. The objective of this investigation is to study the 
existence, uniqueness and some stability properties of solutions of 
ordinary differential equations v.i ch impulsive perturbations and 
volterra integral equations with continuous and discontinuous 
perturbations . 

The present thesis is divided into six chapters. The first 
chapter is devoted to introduction and to the outline of the thesis. 
Chapter 2 deals with preliminaries and basic results such as definition 
of various spaces with norms, admissibility of integral operators, 
generalized integral inequalities, distributions, distributional 
derivatives aM integral representation of solutions of a measure 
differential equation through a given point. 

In chapter 3, we consider the following system of integer 


equations 
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x(t) = fct) + / a(t,sj 2V.S;; f 
0 


CD 


aad 


xCt) = f(t) + aCt,s){x(s)+gCs,xi,s))T-cis + bCt,s)li(s,xCs)3ds (2) 
0 0 


where x,f,g and h are elements of n-dimensiooai Euclidean space 
, a(t,s), b(t,s) are n x n matrices defined fur 0^s^t< “ , 

Generally, the properties of solutions of nonlinear systan (2) are 
frequently studied in comparison with the properties of solution of 
the l3jaear system (1) particularly when the nonlinear functions 
g(t,x) and h(t,x) in (2) are either small as compared to x for 
sufficiently small x or small for sufficiently large t and for all 
I xj < 00 , where | ] denotes any vector norm in E* . Ohe principal 

interest that aiuses in this coj_nection is concerned with the following 
question: whether the properties of solutions of (2) are shared with 
the corresponding properties of (1) when the pertin?bations satisfy 
certaTp more general conditions. In chapter 5 » t/v© shall compare in 
various ways the solution of (2) with the solution of the (unperturbed) 
linear system (l). Eoughly speaking, we investi£,ate sxifficient 
conditions in order that a certain stability of the unperturbed 
equation (1) implies a corresponding local stability of equation (2). 

Our methods rest on the use of the resolvent kernel E^(t,s) for the 
linear system (I) emd the familiar contraction principle. Our 
assumptions on the resolvoit kernel may be viewed as sufficient 
conditions in order to insure the admissibility of various spaces 
under the integral operator. Examples are given "o illustrate the resiiLts- 
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In chapter 4, we consider the system of integial eqiiations 
of the form 

x(t3 r: f(t) + / a(t,s) x(s3ds + l:>(t,s)g(s,xCs)) du(s) fS) 

0 0 

where x,f e BV(j,e“), g:J x ^ r'^, j = [O, »), a(t,s), b(t,s) 
are n x n matrices defined for 0<s<t<ooju is a function 
of bounded variation and right continuous on J and the second 
integral on the right side of ( 3 ) is to be understood as a Stieltjes 
integral. In section 4.2, we obtain sxifficient conditions in order 
that a certain stability pivaperty of the unperturbed system ( 1 ) 
implies a corresponding local stability of ( 5 ). Sections 4.3 and 4.4 
are devoted to the existence (local as well as global) of solutions 
of ( 3 ) and the asymptotic equivalence between the solutions of ( 1 ) 
and ( 3 ). The main tools are the rcsclvcrt kemsls, Helly’s 
selection principle and fixed point theorems. Number of examples 
are given to illustrate the results. 

In the systons given by ordinary differential equations the 
values of the state variables change continuously with respect to 
time. When a physical system contain impulses, Tihere occur 
discontinuous changes in the state variables of the system. 

Examples of such systems are pn'' se frequency modulation systems and 

models for biological neural nets. Ine ordinary differmitial 

* 

equations are not suitable to deal with the systeas containing 
impulses. Such systems, in fact, give nse to equations of the 


form 
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Dx = f(t,x) + g(t,x) Du (4) 

where IXi denotes the distributional derivative of the function u. 

If u IS a function of bounded variation, Du can be identified 
with a Stieltjes measure and has the effect of suddenly changing the 
state of the system at the points where u is discontinuous, For 
example, if u is the Heaviside function 

f 0 for t < 0 

u(t) = 

1 for t ^ 0 

then Du IS the Diiac measure (known as Dirac 6-f unction by physicists 
and Technologists), The equation ( 4 ) may be regarded as a perturbed 
system, of the ordinary differential system 

x'=f(t,x) ( 5 ) 

where g(t,x)Du represents an impulsive perturbation. A natural 
question arises under what conditions the stability properties of (5) 
are shared by the solutions of ( 4 ), It seems very difficult to get 
a satisfactory answer to this question. It may be so because 
differential and integral inequalities play a vital role in the 
stability theory? but vdien we consider the stability of solutions of 
( 4 ), the fact that its solutions are discontiniious renders many of 
the differential inequalities unapplicable and the integral 
inequalities are not available for Stieltjes integrals. However, 
in chapter 5, an att^pt has been made to investigate some stability 
properties of solutions of (4 ) with the help of generalized integral 
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inequalities of Gronwall -Bellman Igrpe which are developed m 
chapter 2. 

One of the important techniquec in the theory of differential 
equations is the second method of lyapunov which has been extensively 
studied in recent years. In chapter 6, we extend lyapunov *s second 
method and investigate sufficient conditions for eventual uniform, 
asymptotic stability of the trivial solution of (4)* 



CHAPTER - 1 


IHTROIUCEEOir 


Since nonlinear differential and integral equations occur in 
many problems of contemporary Baysics, Sagineer mg and Tecbnology 
the importance of studying such equatmns needs no explanation. 

Whenever a quantitative study of a pl^rsical system is vindertaken, it 
is usually done by describing the system in mathematical terms. 

Physical systans of many types and very real practical interest tend 
increasingly to require the use of nonlinear equations in their 
mathematical descripticnj in place of much simpler linear equations 
which have often sufficed in the past. Thus the qualitative theory 
of nonlinear differential and integral equations is in a continuous 
process of development. The first considerable serious study of 
nonlinear differential and integral equations appears in a rsnarkable 
paper by A.M. lyapunov in 1906 on the subject of the stability of a 
rotating fluid, Nonlinear problems can be appmached in different 
ways. One of them is to express the nonlinear function as a sum of 
a linear function and a nonlinear function. In this case the nonlinear 
function can be treated as a perturbation to the linear system. 

We shall attempt to compare the solutions of these systems with the 
solutions of the systems obtained by neglecting the nonlinear teim% 

This is a pioblem which frequently arises in physical examples, where 
the linear system is solved and its solution is used to describe 
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approximately the motion, govemed by the nonlonear system. We shall 
see that the solutions of the two systems do behave similarly if 
the nonlinear term is small in a certain sense. This does not 
settle the question by any means, as in practice, the nonlinear teaan 
IS frequently not small enough for the applicability of the above 
approach. To cover a broader class of perturbations a considerable 
amount of research has been done in recent years, by a number of 
authors and many interesting results have been accxmiulated. Most of 
these authors axe concerned with stability of systems when the 
perturbations are continuous or sufficiently smooth so that the 
solutions of the systems are contmuous- But in nature, all 
perturbations cannot be expected to behave so well. So the perturbations 
of the impulsive type are more realistic* In this case, because of 
impulsive perturbations the problem becomes more complicated and has 
the effect of suddenly changing the state of the system. 

The objective of this thesis is to study the problem of 
existence, uniqueness and some stability properties of solutions 
of voltejnra integral equations with continuous and discontinuous 
perturbations, and measure differential equations (that is, ordinary 
differential equations with impulsive perturbations), 

1,2 Brief Review 

Corduneanu [11 3 , Levin [303 > Miller [56,57,583 t Mohel 
[41,42,43] , Rama Mbhana Rao [49] , Strauss [553 among others have 
studied the existaace, uniqueness and asymptotic behavior of 
solutions of nonlinear volterra integral equations and mai^ interesttog 
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results have been acoujnulated. In recent yearsj Corduneanu [12^133 
has studied perturbation problems for integral equations by adapting 
the adnn psibility theory of Massera and Schaffer [35] • Intosiewicz 

[2] has obtained some general results which may be used to study the 
asymptotic behavior of solutions of volterra integrsl equations* 

Levin [29,31] , Levin axA Nohel [32,33] , Corduneanu [H] , 
Lakshmikantham and Rama Ifohana Rao [26] and Rama Mohana Rao and 
0?sokos [50] have studied perturbation problems for certain volterra 
infogrodifferential equations. 

Quite recently, Grossman [19] has studied the problem of 
existence and uniqueness of solutions of the nonlinear volterra 
integral equation 

X - f t a,g,(x) + a^gjCx) + ... + a^^(x) 

vyhere a^ are continuous linear operators mapping a Rrechet space 
R into itself, g^ are nonlinear operators in that space, and 
the solut 3 ons were sou^t which lie in a Banach subspace of R 
having a stironger topology* Equations of this type with one kernel 
have been studied by many authors} in particular by Miller [36] , 

mier, Rohel and Wong ^593 , Hohel [44] , Corduneanu [153 and 

Strauss [53] • 

In the first part of this thesis, the idea of admissibility 
of integral operators is further exploited to study the existence, 
uniqueness and some stability properties of solutions of systan of 



integral equations with several kernels and. volterra linear equations 
with continuous and discontinuous perturbations. !Ehis study 
includes some of the results of the above mentioned authors. Examples 
are given to illustrate the results. 

When a system described by an ordinary differential equation 

= f(t,x) is acted upon by pejrturbation, the perturbed system is 
generally given by an ordinary differential equation of the form 

^ = f(t,x) + Gr(t,x), where the perturbation term Gr(t,x) is 
assumed to be continuous or integrable and as such the state of the 
system changes continxiously with respect to time. But, in physical 
systems one cannot expect the perturbations to be well behaved and 
it IS therefore important to consider the ease vdaen the perturbations 
are ImpxiLsive. iDhts will give an.se to equations of the form 

IK = f(t,x) + G-(t,x) Du (lt2.l) 

where Du denotes the distributional deanvative of the function u. 

If u is a function of botanded variation, Du can be identified 
with a Stieltjes measure and will have the effect of suddenly 
changing the state of the system at the points of discontinuity of u. 
Eqmtions of the form (l.2,l) are generally known as measure 
differential equations. Quite recently, Schmaedtke [51] has 
studied the problem of existence and uniqueness of solutions of 
(l,2»l)« But the equation (l,2.l) has a more general interpretation 
as bhe perturbation of the ordinary differential equation 


S = 


( 1 . 2 , 2 ) 



5 


where G'(t,x)Da represents an impulsive perturbation. A natural 
question arises: under what conditions the stability properties of 
solutions of (1,2.2) are shared by the solutions of (l,2.l). It 
seems very difficult to get a satisfactory answer to this question. 
It may be so because differential and Integra inequalities play a 
very important 3x>le in the stability theory; but when we consider 
the stability of solutions of (l,2.l), the fact that its solutions 
are discontinuous renders many of the differentia inequalities 
inapplicable while the integral ineqvialities are not available for 
Sfipitges integrals. Ifoweverj an attempt has been made to study 
the problem of stability of solutions of (l,2,1 ), in the latter 
part of this thesis, in two different directions: (i) through 
generalized integral inequalities of Grronwall-Bellman and Bihan 
type f and (ii) by lyapunov’s second method. The stability of 
systems with respect to impulsive perturbations has also been 
considered by Barbashin fc] and Zabalishchin [59] . Oirr study 

includes some of the results of [3] [59] and [54] . Examples are 
constructed to illustrate the results. 

1,3 Outline of the thesis. 

The present thesis is divided into sox chapters. Chapter 2 
is auxiliary in character and contains the requiste mathematical 
equipment which is a part of the theory of ordinary differential 
equations and volterra integral equations. The results stated 
in this chapter are used in our subsequent discussion. 



6 


Chapter 5 deals with the existence^ uniqueness and some 
stabilily pioperties of solutions of system of volterra integral 
equations with several kernels and different continvioxis perturbations. 

In chapter 4, the problem of existence, taniqueness and some 
stability properties of solutions of integral equations of volteira 
type with discontintious pertiarbations (i.e. the perturbations 
involving Stieltjes integrals) is studied. 

Chapter 5 is devoted to investigate some stability properties 
of solutions of ordinary differential systems with respect to 
impulsive perturbations. GSie main tools are the generalized integral 
inequalities of Gf-ronwall-Bellman and Eihan type which are developed 
in chapter 2. 

Unally, in chapter 6, the lyaptinov's second method is 
extended to investigate sufficient conditions for eventual 
uniform asymptotic stability of differential eqijations with 
impulsive perturbations. 



CHiPTER 


2 


lEEIJMIBriEIES MB BASIC EESDLTS 

2*1 Tanous spaces and norms; 

In thxs section we state the definition of variotus spaces along 
with norms which are freely lised in the main body of this thesis. It 
IS assumed that the reader is familiar with the notion of Banach 
spaces, operators on Banach spaces and main theoreois in these areas. 

Definition 2,2.1. 

A Brechet space is a topological rector space with the following 
properties; 

(a) It IS metrizable (in particular, it is Hausdorff). 

(b) It IS complete. 

(c) It IS locally convex:. 

Let i* be a fr^chet space, and let d be a metric defined on P, 

¥e define l|x|| = d(x,o). It can be shown in any Ii“echet space, 
this defines an additirely invariant metric. Ihat is, 11*1| 
satisfies all the properties of a norm except the condition 
j [axj I ss |a{ 1 l^cj I where a is a constant. 

Let J = [0, ») and the n-dimentionaj. Euclidean space, ibr 

n 

X e E^, we define jxj »= J N- 1 • Erechet spaces which we 

1=1 ^ 

will encounter as examples are the following. 
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(i) C(j) = {x ; X is continuo^is on J -»■ E^} . 

00 

llhen Ijxll = 2“^^ min {1, sup |xCt)I}. 

° n=l 0 <t 5 i 

T 

(ii) IjI^(j) = {x ; X measurable and / |x(t)p dt < » for all T > 0}; 

0 

1 ^ p < 00^ 

Then Hxjp = I 2“’^ min {1, lx(t)P dt}. 
n=l 0 

ibr any function xeL^Cl), let | )x| be the noim of x 
considered as an el^ient of iTCj). Similarly, let |J • j denote the 
norm of elements of L^(j), 1 ^ p < «, BG(j) = the set of all bounded and 
continuous functions from J into R .If x6 BC ( J ), define its norm by 

I } x] 1 = sup {jx(t)l : 0£t<"} . 

We consider a function x on the set of real numbers and tal c i n g values 
in r“'. We consider all possible partitions of an interval Ia,b] in the real 
numbers into a finite nxmber of subintervals: a=t^<t^... <t^'=b. Bie quantity 

n 

Sup I lx(t ) -x(t )1 = V(x, [a,b] ), 

i=1 ^ 

where the upper bound is taken over ^1 possible partitions of the interval 
[ajb] , IS called (by definition) the total variation of the function x 
on the interval [a,b] . We shall say that x is of bounded variation 
on [a, « ), if X has bounded variation on any interval [a,t] , S' i 
and the set of total variatioixs 7(x, { a,t] ) is bounded. definition, 

tCx, [a,«» )) = sup t(x, [a,t] ). 
t > a 


we have 
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B'V(j,E*^) = BV(j) = the space of all functions of bounded variation 
defined on J and taking values in !Ehe nom of x e BV(j) 

IS defined by |lxjj* = t(x,J') + |x(0‘^)j , idiere 0 is the left 

end point of J, With this norm, BY(j) is a Banach space. 

Jiccording to a theorem (Belly’s selection principle, cf.[523 ,p. 74) 
of Belly, if an infinite family IJC- of functions =. BV’([a,b3 ) is 
such that all fiuactions of the family and total variation of all functions 
of the family are uniformly bounded, then there exists a sequence 
in the family ^ which converges at every point of [a,b] to some 
•'^I'^ction <}> e BV( [ a,b ] ); moreover, 

y($, [a,b] )< [a,b3). 

k » 

2.2 idmissible Operators. 

Let 1 be a Er^chet space, let B and B be Banach subspaces 
of E which admit norms j| | and jj j respectively. Assume that 
B and L have stronger topology than E in the sense that convergence 
in B or D implies convergence in E. Let 1E:E -»■ E be a linear 

operator. 

Definition 2.2.'’ . 

oaie pair of spaces (b,D) is said to be admissible with respect 
to the operator TjE E if and only if IBdD . 

Hie following resiiLt is of importance in admissibility theory, 
whose proof can be found in [25] * 

Lemma 2.2.t. Let I be a continuous operator <frQm E into itself. 
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Suppose that B,D are Banach spaces that are stronger than B 
and the pair (B,d) is admissible with resp'ct to 3?. Then, T 
IS a continuous operator from B to D. 

Remaric 2.2.1. Since T is a continTX)us operator it is also bounded. 
It then follows that we can find a constant K > C such that 


I I £) i ^ 1 1^1 Ig* X e B. 


2.3 Nonlinear integral equations. 

Consider the system of -volterra integral equations 


x(t) = f(t) + a(t,s) {xCs)+g(s,xCs))}ds+/\ct,s)hCs,x(s))ds 

° ^ (2.3.1) 

and the corresponding linear system 


y(t) = f(t) + a(t,s) x(s) ds (2.3.2) 

0 

where x,y,f,g and h are n-vectors and a(t,s), b(t,s) are 
nx n matrices. !I3ie solutions x(t) and y(t) of (2.3.1) and 
(2.5.2) respectively can be written as 


x{t) * y(t)+/* R,Ct,s)g(s,x(s))ds+/^ R»Ct,s)hCs,x(s))ds (2.3.3) 

0 0 ^ 

and 

y(t) - fCt) + R,(t,s) f(s) ds (2.3.4) 

0 ^ 

where E^(t,s) and R^Ctjs) satiny 

.t 

Rj(t,s) = a(t,s) + / Rj^(t,T) aCT,s) dt 

s 


(2.3.5) 
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and R2Ct,s) * b(t,s) + R,(t,TD bCT,s) dx . (2.3.6) 

s ^ 

Ob-'rxously the solution R^(t,s) of the resolvent system (2.3»5) is 

the resolvent kernel of a(t,s). In chapter 3 we present, roughly 

speaking, sufficient conditions in order that a certain stability of 

the unperturbed system (2.3.2) implies a corresponding local stability 

of the system (2.3.1 ). iQie method that is adapted rests on the use 

of the resolvent kernel R^(t,s) for the linear system (2.3.2) and 

the familiar contraction mapping principle. Our assumptions on the 

resolvent kernel may be viewed as sufficient conditions in order to 

insure the admissibility of various spaces under the integral operator 

(!r<i)) (t) = R.(t,s) 4>(s) ds, 

0 ‘ 

2 .4 Integral Inequalities . 

Ohe integral inequalities of Gronwall -Reid -Bellman, Bihan [5] 
and Langenhop [27] play a vital role in studying; the stability 
properties of solutions of differential equations and integral 
equations V need the following xemmas in our subsequent discussion 

which generalize the above inequalities. 

Iiemma 2.4.1. (Barbashin [3] ) 

let u and k be scalar non-negative functions defined and 
integrable on [0,3?] * Iisl* f be a scalar nonnie^tive function 
and a function of bounded variation on [0,1] . ISaen, the 

inequality 

uct) < nt) + /* k(s) u(s) ds, t e tO.T] 

” 0 


(2.4.1 ) 
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implies that 

uCt) ^ £(0) exp (/\(s)ds)+/^expC/\CT)dT)df, t e [0,T] , (2.4.2) 

0 Os 

where the integral on the n^t hand side of (2.4.2) is to be 
understood as a lebesgue-Stielt j es integral. 

Lemma 2.4.2. 

Let u,lE and g be non-negative integrable functions on 
£a,!P3 . Assume that g(u) is monotonic increasing in u and M 
is a positive constant. iEhen, if the inequality 

uCt) k(s) g(u(s)) ds, t e [a,!] (2,4.5) 

a 

holds, the inequality 


u(t) [W(M3 + /^ kCs) ds], t e [a,T] 


(2.4.4) 


remains valid as long as W(l!) + / k(s)ds lies in the domain 

a 

of definition of W , where the function W is defined by the 
relation 


W(n) = r ; e > 0, 0, (2.4.5) 

W IS the inverse mapping of the function W, 

Proof: 

Denoting the ri^t hand side of (2.4.3) by v(t), we have 
u(t) i v(t). Since g is an increasing function of u and k is 
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a non-negative function, we have 

gCu(t)3 k(t) 

< kCt), 

gCvCt)) 

But v'(t) = g(u(t))k(t) almost everywhere. Hence by the definition 
of W, we have -fr ¥ [v(t)] < k(t) almost everywhere. Integrating 
between a and t it follows that 

W(v(t3) ■< W(M) + k(s) ds. 
a 

Since W IS also increasing, finally, we have 

u(t3 4 [W(M) + Ic(s) ds]. 

a 

IQie lennna 2.4.2 is proved in [5] under the assumptions that 
u,g and k are continuous functions but the integrability of u,g 
anfl k IS sufficient. The lemmas 2.4.1 and 2.4.2 are used in 
proving some stability properties of solutions of differential 
systems with imptlsive perturbations in chapter 5» 

2.5. Distributions. 

In this section distributions and distributional derivatives 
are defined. let fl be a subset of We denote by C^(^) 

the class of all infinity partially differaatiable functions, 
defined on , ndnch have compact support. o“( ^ ) is a normed 
linear space with adaition, scalar multiplication and norm defined 
by 
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(^>1 + <l'2) (x) = + <j)2(x) 

(«4)Cx) = a^i (x) 

i h! ! = sup I^)(x3| . 

X e fi 

Definxtiou 2.5.1. 

A continvio'us linear functional defined on c“( 0 ) is called 

c 

a distribution on . 

It follows from Eiesz representation theorem that the set of 

all complex Borel measures on fl is, by y< > F , in one-one 

correspondence with tbe set of all distributions on jj » vsdiere 
IS the distribution defined by F„(4i) = / (4 e 

Let a complex function f defined a.e. on fi be locally 

integrable on ft with respect to the lebesgue measure (that is, for 

any compact set K of ft , / lf(x)j dx < »). Then 

K 

FfC'l') = / f(x) 4 'Cx) dx, 4 e c“Cft), 

ft 

defines a distribution on ft . Two distiubutions 

are equal as functionals (P„ ( 4) (<J») for every 

^1 2 

if and only if f^(x) = fgCx) a.e. (see, [583 ). 

Ihe derivative of a distribution P with respect to x^ 
denoted by D. P or — — , is defined by 

D. F{« = -F (^), 4) c C"(ft). 

and IS also a distribution on ft . A distribution is infinitely 
differentiable in the sense of above defimtion. 


P- and P» 
^1 2 

4 e C”(ft)) 
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Since a locally integrable function f on an open interval I 

of real line can be id^tified with the distiibution on I, 

dP^ 

DP^ (= ) will be denoted by Di* and called the distnbutioncl 

derivative of f to distinguish from the ordinary derivative 

djf 

f If f IS absolutely continuous, then Df is the 
ordinary derivative f ' ( which is defined a.e. ), f ' being considered 
equivalent to the distribution P^t* If f is of bomded 
variation then Df is the lebesgue-Stieltjes measure df. 

2,6 Measure differential equations. 

Let 721 denote the set of all n x n matrices of real numbers. 

n n 

be defined by jnj = 2 I 

i=l j=l 

Consider the measure differential equation 

Dx = £Ct,x) + GCt,x) Du (2,6.1 ) 

inhere f and G are defined on J x with values in R^ and 'W 
i^spectively, and u is a right continuous function e BV(j,R^). 

Let I be an interval with left end point to ^ 0. 

Definition 2.6,1. 

A function x(t) = x(t,t^,x^) is said to be a solution of 
( 2 . 6 . 1 ) through (t^,x^) on I if x is right continuous e BT( I, R^), 
x(t^) = and the distributional derivative of x on (t^,T) for 
every I e I satisfies (2.6,1). 



Ihe norm of a matrix 


M = (M^)e'^will 
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Hie following lemma is used to prove the integral representation 
of ( 2 . 6,1 ). 

lemm 2.6 ,1 . 

If g IS a function integrable with respect to p , and 1* is 
a distribution on q given by 

F(4)) = / (|> dp, d) e C"(a), ( 2 . 6 . 2 ) 

Q 

then the product gP defined by 

gF i. <!)) = / g <!' dp, 4> e Cj.(n) ( 2 . 6 . 3 ) 

fi 

IS also a distribution on , 

Proof. 

Since <{> e it is bounded and p -measurable and g is 

c 

given to be P-integrable. Iherefore, gij) is V-integrable 

(by Ex.i, P. 184 of [40] ). Thus the right hand side of ( 2 . 6 . 3 ) 

IS meaningful, gP defined by ( 2 . 6 . 3 ) is obviously a linear 

functional on c“(S). Furthermore , 
c 

(gF) C4>) 1 / igt i$l d |p| 5 . 1 U! 1 / IfI d |pj 

where {p| denotes the total variation measure of p . Therefore, 

1 IgFll = SUP •(lgF(<|»)) ; ±1'^ ± ! |gl d |pj< ~ , 

Si 

since p-uategrability of g implies jpl -integrability of jgj 

(see lemma 18, P. 113, [17] ). Hius gP is bounded (hence continuous) 
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linear functional on c“(J2), and is, therefore, a distribution on q . 

c 

How, consider the integral equation 

xCt) = Xq + /^ £Cs,x(s)) ds + G(s,x(s)) du(s). (2.6.4) 

Eheoren 2.6.1 . 

x(t) is a solution of (2.6. 1 ) throvigh (t^,x^) on an interval 
I, with left end point t^, if and only if x(t) satisfies (2.6.4) 
for tel. 

Proof. 

Let x(t) satisfy (2.6.4) for tel. Ihe integral 

/^f(s,x(s))ds IS absolutely continuous (hence continuous and of 
to t 

bounded variation) function of t on I. The integral J Gr(s,x(s))du(&) 

*0 

IS a function of bounded variation on I and the ri^t contanuity of 
u implies that it is also a right 'continuous function of t. Therefore, 
x(t) e ^(l,!^) and is right continuous. Obviously x(t^) = x^. 

Let T be any arbitrary point in I and let 5^ be the distribution 
on (l^o»5P) £0 be identified wilh the i-th component x^(t) of x(t). 

Then 

F^C« = / /* f‘Cs.xCs))ds . /* tG(s,x(s33du(s)]h'l>Ct)dt(2.6-5) 

Jl ° to ‘o 

for all <|> e G“(f2) where Hie distributional 


derivative is 
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where G-J (t,x) xs i, j-th elenent of G(t,x) and u^(t) is the 
j-th conponent of u(t). Integration by parts yields 


“ / f^(s,x(s))ds](}«’(t)dt = / (f;(t)f^Ct,x(t))dt (2.6.7) 

t 

since <l>(‘fcQ) = = 0* !rtie fmction g(t) = J G^(s,x(s))du^(s) 

t ^ 
o 

IS la^t continmus and is of bounded variation on the interval 
We have 


/ gCt)<^UtDdt= / g(t) dKt) - / g(t) d4.(t). 

^1 (to^T] {T} 

But / g(t)d(|»(t) = 0 since <|> IS continuous; and 

{T} 

/ gCt) dKt) = gCT)<J>(T) - g(t^j) - / 4)(t) dg(t) 

C"o,T] 

= - / <!)Ct) dg(t) - / <^(t)dg(t), (since 4>(tJ = (J>CT) = 0) , 

Cto,T) {T} 

= - / <^(t)dg(t)-({.Cr)(g(T3-g(T-)3,Ccf.[40],Ex.n,P.185), 

= - / <!)Ct) dg(t), 

ITherefore, 

/ gCt) «’(t) dt = - / <!>(t) dg(t). 

J T J. 

IHiat is, 1 

/ {/* Gj(s,xCs)3du^(s)H*Ct)dt““/ <^(t)d[/^ ^(s,xCs))du^ (s)] 

Jl t„ ’ J, t. J 
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= - / (i)(t) G^(t,x(-t))du^(t), (cf. [17] corollary 6, P.180). 

T ^ 

•^1 

SunLflation orer j xn the aboT© equation yields 

^ m . . m 

f U 1 CGhs,x(s)) u^Cs))}<;)'Ct3dt=-/ (!.(t)[I G^(t,x(t))du3Ct33 

Jl % j=l ^ j=l ^ 

liKom (2-6,6), (2,6.7) and (2.6.8), we obtain 
DF^(<^) = / <JCt)f^(t,xCt))dt + / Kt)[GCt,x(t))duCt)]^. 

Jl J, 

By lemma 2.6,1, Ihe last continuous linear functional in (2.6.9) is 
identified with the measure G(t,x(t))du(t). Bie first continuoiis 
linear functional in (2.6.9) is identified with f(t,x(t))» Ihus 
the derivative I)P(4’) is identified with f(t,x(t)) + G(t,x(t ))1&U» 
Hence x(t) is a solution of (2,6.1 ) through (t^,x^). 

Conversely, let x(t) be a solution of (2.6. 1) throu^ 

(t ,x ) on the interval I. Ihen for J^= (0,ir), where T is 
0 ’ o 1 

any arbitrary point of I, we have 


/ (|)(t)Dx^Ct)=/ <|)(t)f^Ct,x(t))dt+/ 4>Ct) [G(t,x(t))du(t)]^,i=l,2,,,. ,n, 

31 Jl J^ 

for all e g“‘(J. ). Integrating the left hand side of (2.6. IO) 

0 I 

by parts and using (2.6.7) and (2,6.8) we obtain 

/ <!>’(t)(x^(t)-x^CtJ)dt = / f^Cs,x(s))ds+/^[G(s,xCs))duCs)]^]dt. 

Jl Jl ■'o 
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idler efore^ 

t . t 

X rt) = x^Ct^) + / £^Cs,x(s))ds + / lG(s,x(s))duCs)]'- (2.6.11 ) 

almost everywhere in . But, since x^(t) is right continuous 
being a solution of (2.6.1 ),and since the nght hand side of (2.6.11) 
is a function of t that is right continuous, then equality holds 
everywhere in for (2.6.11). lEhus x(t) satisfies (2.6,4) for 
tel. Ihis completes the proof. 



CHAPTER - 3 


IFTE&EAI, EOHATIOirS OP VOETERE-l TTPE AND ADMISSIHrilTr TEEORY 

3 • 1 Introduction 

It IS well known that the theory of admssibility developed by 
Massera and Schaffer [35] for ‘Ordinary linear differential equations 
plays a vital role in the qualitative stiady of integral equations of 
volterra type. It has recently been applied to integral equations by 
Corduneanu [12^13] j Antosiewicz [ 2] and others. 

The objective of this chapter is to exploit further the idea 
of admissibility of integral operators to study the problem of 
existence j uniqueness and some stability properties of solutions of 
system of integral eqioations. 

Consider the system of volterra integral equations 

x(t) = fCt) ^ a(t,s) xCs) ds ( 3 . 1 . 1 ) 

0 

and ^ 

xCt) = fCt) + / aCt,s)[xCs) + g(s,xCs))] ds 
0 

+ / b(t,s) h(s,xCs)) ds ( 3 . 1 . 2 ) 

0 

where x,f,g and h are vectors in and a(t,s), b(t,s) are 

n X n matrices. Equation ( 3 . 1.2) can be written in the abstract 
form 


X = £ + Tx + Tg*(x) + Sh*(x) 


(3.1.3) 
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where 

(Tg*(x))(t) = aCt,sD fC3,x(s)) ds 

0 

(Sh*{x3)(*fc) = b(t,s3 h(5,x(s)) ds. 

0 

In the earlier works [2] ,[12,13] , the admissibility of the pair of 
spaces with respect to continuous linear operators 1 and S are 
assumed, but it is not the case in the present study. 2h±s amounts 
to saying that even though the kernels inrolved in the given integral 
equations are not well behaved, still one can have the usiial existence 
and uniqueness theorems. 

!Ib sttidy the problem of existence, uniqueness and some stability 
properties of solutions of integral equations, one can have a choice 

(i) of introducing a linear bounded operator which compensates the 
behavior of the kernels involved in the integral equations, or 

(ii) through the behavior of resolvent kernels corresponding to the 
kernels involved in the integral equations. Each approach has certain 
advantages. In section 3*2, we adopt the former approach and in 
section 3-3 the latter. We shall compare in various ways the solution 
of (3 >1.2) with 'ttte solution of the (unpeidjurbed ) linear system (3.1.1 ) 
when g and h have certain "smallness” properties. In section 3.4, 
the results of sections 3*2 and 3.3 axe extended to integral equations 
with several kernels and different perturbations. Examples are 
constructed to illustrate the results. 

3.2 Operator Equations. 


Consider the integral eqiaation 
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X = £ + Tx + Tg*Cx) + Sh*Cx) (3.2.1) 

where x,f axe elements of a ih-eehet space S', the operators T,S 
are linear continiious maps from F -v P and g*, h* are nonlinear 
maps from F -»■ P. Solutions are sought which lie in the Banach 
subspace B of F with a stronger topology. 


We need the following conditions for our subsequent discussion. 


(H^) 

(H2) 

(B3) 


£ e B. 

T and S are continuous linear operators from F ->■ F. 

Ihere exists an operator u which belongs to BL(B,B) (the 
set of bounded linear operators from B -»• b) and satisfies: 

(a) the pair of spaces (B,b) is admissible with respect to 
linear continuous operators T + coT and S + uS, 

(b) ||t + wT - mllg < 1. 

(c) (l + to) Misa contmuDus oper<-tor mapping F F. 




For each > 0 , there exists a 6]^ > 0 such that 
1 lg*Cxj) - g*(x2)l Ig 1 hj I |xj - X 2 I Ig 

for all 1 Ixj^l ig, 1 IX2I jg ± g*(0) = 0 and g* : B B. 

For each n2 ^ 0 j there exists a ^2 > 0 such that 
Ilh^CXj) - h*(X2)!lB 1^2 llxi - X2ilg 
for all llxj^llg, lU2l{Blfi2» 5 0 and h*(x) : B B. 


Ihe main result of tnis section is the following, 
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Hieorem 3 .2.1 . 

Let (Sj ) - (H^) be satisfied. Ihen, there exist and 
62 > 0 such that if j|f |jg < > there is a unique solution x 

to (3.2.1) which lies in B and in addition [ jx|l < S2. 

Proof ; 

Define a vector v by 

V = - (I + U) ^ £0, 

Then it is easy to show that (l + v) ^ = (l + u), where I is the 
identity operator in the Prechet space P. By adding vx to both 
sides of (3.2.1), we have 

x+vx=f+vx + !Ex + Tg*(x) + Sh*(x) 

■“1 

Multipling both sides by (l + v) , we obtain 

Jk. 

X = f + Rx + (T+toT)g*Cx) + (S+uS) h*(x) = Ux 

where f = f + uf which lies in B, E = r+aiT-‘to 

To complete the proof of this theorem, we show that U maps B -»■ B 
and that D is a contraction. We note that f e B and x e b 
implies that g*(x) and h*(x) e B by (H^) and (h^) respectively. 
By hypothesis (]^a) aind lemma (2.2.1 ) there exist constants R: > 0, 
L > 0 such that 


j|(T+wT)x}jg < k Ijxjlgand |j(S+mS3 xllg<L jjxjlg, 
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Also T + UT, S + u)S aad (0 e by (H^a), so U maps B B. 

low, we let X = MrIIb < 1 condition (H^b). 3 ix Tij,n2 ^ ° 
such that 

= ( 1 - 1 ) / 4 k and ^2 = ( 1 - 1 ) / 4 L. 

Choose <$2 and62 > 0 so that (H^ ) and (H^ ) are satisfied. 

Define = min (6^,52)* 0 ^ ^2 1 

= ^2 1 1 1+0)1 1 g 

and define 

S(e 2 ) = (x e B : I Ixj |g < £ 2 ). 

BTow, If x^ jx^ e s(e2 ), we have 

I lUxj-Ux2| 1<_ ij |xj-X2! I + k I |g*(xp-g*(x2)| I + L 1 lh*(xj)-h*(x2) ( i 

iX llxj-x^ll . k iijil I Ixj-Xjl I . 

- Xjll. 

Since 1 < 1 , U IS indeed a contraction on 3(62)* 

To Show that U maps S(e2) 3(52), let x e s(e2) so that 

1 I 1. ! |l+“| J 1 jfl 1 + 1 1 |xl I + krij^ I |x| 1 + Ln 2 I Ixj 1 

1 ^’^1 ^2 ^’’2 ^2 


This completes the proof of the theorem. 
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Example 3.2.1. 

let E = 0( [ 0, » ),R), B = BC( [ 0, " ),e) where B is a 
Banach space with the usual supremum norm. Assume that f,g^(x) 
and h*(x) satisfy the conditions stated in theorem 3.2.1. let 
the operators !E and S be given by the relations 

(Tx)Ct) = (-1 + e-“®) xCs) ds, a > 2 

0 

(Sx) (t) = / [- — - — -] x(s) ds 

0 Cs+2)2 

Define the operator co by the relation 

(mx)Ct) = x(s) ds, 

0 

With a little computation, one can show that 
||T.«.T||j< 

Similarly, it can be shonaa that 1 }s + mS| |g is finite, Ehus T + off 
and S + mS map B -»■ B but T and S do not map B B. Purther 

ill + tiil - wl 1 g £ < 1, since a > 2 

Hence all the conditions of theorem 3 .2,1 are satisfied. 

5.3 Resolvent kernels. 

2!he solutions y(t) and x(t) of (3.1 «l) and(3.1»2) respectively 
can be written as 

y(t) = £(t) + / R (t,s) £Cs) ds 
0 ^ 


(3.3.1) 
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and 


tl t 

xCt) = y(t) + / I? (t,s)g(s,x(s))ds + / P,Ct,s)hCs,xCs))ds 
0 ^ 0 

(see section 3, claapter 2) where E^(t,s) and E^Ctjs) 
satisfy the equations 


(3.3.2) 


Rj^(t,s) = a(t,s) + Rj(t,u)a(u,s)du 


( 3 . 3 . 3 ) 


and 


R 2 Ct,s) = b(t,s) + / RjCt,u) bCu,s) du 


( 3 . 3 . 4 ) 


Eemark 3.3*1 . 

Ihe equation ( 3 . 3 . 2 ) can also be considered as a generalization 
of the control system 


x’ = ACt) X + g(t;x) + B(t) u 

x(0) = x^ 


(3.3.5) 


where u is a control vector. Indeed, if we denote by $(t) the 
matrix; function defined by ^ = A(t)$ , $(o)=I, then the 
control system (3*3.5) reduces^ to 


x(t)=$(t)x +/^ $Ct)$“'^(s)g(s,xCs))ds + /Sct)$"^(s)B(s)u(s)ds (3*3.6) 

0 0 

Ey setting RjCt,s) » $Ct) $ ^(s) 

R2Ct,s) » $(t) f"^(s) B(s) 

y(t) * ^Ct) 

U(t) 


and 


= h(t,x(t3). 
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eqioatioa (3-5«6) is eqtiavalent to eqmtion (3*3»2). 

In particular, for simplicity of nuplementation, the one favoured in 
practice is a linear feedback policy 

u(t) = Kx(t), 

wherein u(t) is a fixed linear function of the instantaneous state 
x(t) given by the feedback operator K . Obvioixsly the system of 
integral equations (3.1.2) includes the control system (5.3.5) but 
it IS not the case in [19] and [39] 

In the following theorems, our assioaptions on the resolvent 
kernels may be viewed as sufficient conditions in order to insure the 
admissibility of various spaces under the integral operators 

(P(}))(t3 = R, (t,s)(j>Cs3 ds 
0 

and 

CQ<!>)(t) = / R2Ct,s)^Cs) ds 

0 ^ 

Throughout this section we shall assume that the following hypotheses 
are satisfied. 

E^(t,s) and E^Ctjs) are locally integrable in (t,s) 
for 0£s<_t < ooand satisfies (3.3.3) and (3.5.4) respectively. 
g(t,x) and h(t,x) are measxarable in (t,x) for 0 ;< t < ® 
and jxj < ® , and g(t,0) = 0, h(t,0) =0. 

Ibr each > 0 , there exists a 6^ > 0 such that 
igCt,xp - g(t,X2)l < nj jxj - X 2 I 


(<) 

(Hp 
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xioxformly lu t 0, whenever | | > ! | <_ 6 j. 

(H^) Ibr each n2 > 0 , these exists a 5^ 0 such that 

|li(t,Xj^) - hCt,x2)l < n2 Ixj - X 2 I 
utufonHly in t > 0, whenever | | £ 62- 

Gheorem 3.3.1. Let (H^) - (i^) be satisfioi. Suppose that the 
solution y(t) of the linear system (3«1.l) satisfies y e L“(J). 
itirther, assume that 

sup / 1 R, Ct,s)l ds < c Ci = 1 , 2 ) (3.3.7) 

t > 0 0 

Inhere = 1j2) are positive constants. 

fbr any fixed A e (o,1 ) there exists a number > 0 such that 

0 < e ^ j if I lyi 1„ ^ 1 ® » then there exists a unique solution 

x(t) of the system (3.1 .2), x e I ( j) and in addition | ^ a* 

Remark 3.3.2. 

Uniqueness here means uniqueness within the class of I*(j) of 
solutions for which j Ix| ^ e . Rote that if f e l”(j), then 
assumption (3.3.7) used in (3 .5.1) implies that y e L‘”(j). 

A similar theorem can be stated when y e L“(j)fl L^J) under 
some conditions on E^(t,s) and EgCtjs). 

Iheorem 3.3*2. 

Suppose that (H^) - (H^) hold, let y e BG(j). Assxme that 
E^(t,s) and E^Ctjs) satisfy 
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(i) the condition (5*3»7) 

tl 

(ii) lin |P Ct+h,s)t ds + / IR Ct+h,s)-R.Ct,s) (ds)=0,(i»l,2) 

h-^Ot ^ 0^ 

for each t ^0. 

There exists a numher e^> Osuch that 0<ej^e^,if ItylljS^^ 
for scaae fixed Xe(0,l), then there exists a unique solution x{t) of 
the equation (3.1.2), x e BC!(j ) and in addition llxjl e. 

Corollary 3*3.1. 

If the hypotheses of theorem 3*3.2 are satisfied, if for each 

T > 0 

T 

lim / |R.(t,s)l ds = 0 , (i = 1,2) 

t ->• “ 0 ^ 


and if 


lim y(t) = 0, then lim x(t) = 0, 
t ->• <» t 

The proofs of theorems 3*3.1, 3*3*2 and corollary 3*3*1 are similar 
to the proofs of the corresponding theorems given in [ 39 ] and hence 
omitted . 


Remark 3*3.3* 

Theorems 3*3*1, 3*3.2 and corollary 3*3*1 may be regarded as 
stability results for the system (3*1*2) 


Example 3.3*1 * 

/ \ / \ (t'.s+l ) 

Choose a(t,s) = -1 and b(t,s) g- 

(1+s) 

R^(t,s) = and i^(t,s) = ^ 


!Qiai, we have 


(1+s) 


2 ’ 


Obviotisly ( t , s ) 
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and satisfy the condition (3»5«7) but a(t,s) and b(t,s) 

fail to satisfy a si mil ar condition. Purf'^er, af we define operator io 
by 1iae relation 

,t 

(ux)Ct) = / R Ct,s)xCs) ds, 

0 ^ 

one can easily show that wl and S+ wS map B -> B but T and 

S do not map B -»■ B. This verifies the hypothesis (H,) of section 3.2. 


3*4 Extensions. 

In this section we shall extend some of the results of sections 
3.2 and 3*3 to nonlinear volteira integral equations of the form. 

x(t) = f(t) + / a.Ct,s) G,(s,xCs3Dds + a-Ct,s) G„Cs,x(s)) ds 
0 0 ^ 

+ ... + a (t,s)G (s,xCs3)ds + bCt,s3hCs,xCs)) ds (3.4.1 ) 
0 " 0 

Equation (3«4.1 ) can be written in the abstract form 

X * f + Tj GjCx) + G*(x) + S h*Cx) (3.4.2) 

where Xjt are elements of a Prechet space P, the operators 
T.j,a!2...T^ and S are linear continuoiis map from P P and 
®1* ^2*’****^n nonlinear maps from P -»■ P. 

We need the following conditionsJ 
{0.j) jTg,. .. said S are linear continuous operators from 


P P, 
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(Cg) t t B. 

(C^) mere exists an operator ajeHD(B,B/ such that 

(a) the pair of spaces (B,B) is admissible with rospoct 
to the linear operators 1^+ (i = 1,2,...n) and 
Sf MS. 

M III T + I uT. - loll < 1 

i*l 1=1 ^ ® 

(c) (l+ 10 ) ^(0 IS a continuous operator ma-pping F -»■ F. 

(C^) Cr*(x) s X + ^(x) (i=1,2,...n). Further, for each e > 0, 
there exists a 6 > 0 such that 

IlgtCx^^) - grCx2)||g < e |!x^ - X2|jg, (i = 
for all llxjllg , ilx 2 l(g < 6 , g!c0)H0, Ci=1.2,...,n)and g* ; B- 3 
(C^) condition (b^) holds. 

Now we state the following general result, 

Theorem 3<.4«1 . 

Let (C^ ) - (C^) be satisfied. (Chen, there exist two positive 
numbers and £2 such that if [ |f) jg £ 62 , ■'ihere is a unique 
solution X to ( 3 * 4 . 2 ), which lies in B and j [xj jg < e^. 

The proof of this theorem is sunlar to that of theorem 3.2.1 
and hence omitted. 

Remark 3*4.1* 

In general, S*(x) need not be of the fom e*(x) = x+^(x) 

(i“1 }2 , . • .n ) . 
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In such cases the condition (o^b) of theoren 3.4»1 vTill be 
replaced by 1| toJIg < 1 

Remark: 3,4»2. 

ibr simplicity, consider the system of eqmtions (3*4.1 ) when 
n = 2 and Gr^(t,x) = x+g^(i,x) (i=1,2). Then the solution x(t) of 
( 3 . 4 . 1 ) and the solution y(t) of the corresponding linear system 
can be written as 

y(t) = f(t) + {R,(t,s) + R*(t,s)} f(s) ds 

0 ^ ^ 

and 

x(t) * y(t) + R, (t,s) g,(s,x(s)) ds + / R!(t,s)g 2 Cs,xCs)) ds 
0 ^ ^ 0 

+ r J^Ct.s) h(s,x(s)) ds ( 3 . 4 . 3 ) 

where Ri(t,s), R*(t,s) and R 2 Ct,s) are given by 

Rj(t,s) = aj(t,s) + / {Rj(t,u) + R^Ct,u)> a^(u,s) 

RjCt,s) = a 2 Ct,s) + / Rj^(t,u) + Rj(t,u)} a 2 Cu,s) du 

and 

R 2 Ct,s) * b(t,s) + {RjCt,u) + R*(t,u)} b(u,s) du, 

!I3ae results similar to theorems 3.3.1* 3.3.2 and corollary 3*3.1 can 
be obtain eel to equation (3.4.3). 
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TOEfSERA INEl&EAE EOJATIONS II OH DISCOETIBUOGS PERTOEBAEOES 

4*1 Introductaon. 

In many problems of Hiysics and Engineering (optimal control 
theory in particular) one can not expect the perturbations to be well 
behaved and it is therefore important to consider the cases Then the 
perturbations are impulsive (cf. {15] , [51] ). Such systems would 
be described by differential equations containing measxires which are 
equivalent to volterra integral equations with perturbations involving 
Lebesgue-Stielt^es integrals. 

Miller, Eohel and Wong [39] , Strauss [53] among others 
have studied the integral equations of volterra type witii continuous 
perturbations. The aim of this chapter is to study the existence, 
uniqueness and some stability properties of solutions of integral 
equations of •'rolteixra type with discontinuous perturbations. 

Consider the system, of integral equations of the fona 

x(tD = f(t) + aCt,s) x(s) ds (4.1.1) 

0 

and x(t) = f(t) + / a(t,s)x(s)ds + b(t,s)g(s,x(s))du(s) (4.'1.2) 

0 0 


where x,f e B?(j-), g: r^, y » £o,«o ), a(t,s), b(t,s) are 
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n X a matrices defined for 0 ^ s < <» and u is a function of 
bounded variation, ri^t continuous on J. 

We shall compare in various ways the solution of (4-.1*?) with 
the solution of the (unperturbed) linear system (4.1.1 ). la section 
4-2, we obtain sufficient conditions in order that a certain stability 
of the unperturbed system (4.1.1 ) implies a corresponding local stabilily 
of the system (4.1.2). Sections 4.3 and 4.4 are devoted to the study 
of existence (local as w ell as global) of solutions of (4.1*2) and the 
asymptotic equivalence between the solutions of (4.1.*1) and (4.1.2). 
Examples are constiructed to illustrate the results. 

4.2 Existence, Uniqueness and Stability. 

Ihe solutions y(t) and x(t) of (4.1.1 ) and (4. 1.2) respectively, 
can be written as 

y(t) * fCt) + R,(t,s) fCs) ds (t ^0) (4.2.1) 

0 ^ 

and 3c(1:) = y(t) + /^ R (t»s) g(s,xCs)) duCs) (t ^0), (4.2.2) 

0 

where R^(t,s) and R(t,s) satisfy 



RjCt,s) = a(t,s) + Rj^(t,T) a(T,s) dx 

s 

(4.2.3) 

and 

R(t,s) = bCt,s) + Rj(t,T) b(T,s) dx 

(4.2.4) 
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Obvxously the solution Rj(t,s) of the resolvent system (4.2.3) is 
the resolvent keitiel of a(t,s). 

Eemark 4.2.1. 

If a(t,s) B b(t,s), then R^(t,s) = E^Ct^s). Then the 
system (4.1.2) reduces to the system considered in [59j5l3 when 
u is an absolutely continiious function on J. 

Remark 4.2.2. 

The system (4.2.2) can also be considered as a generalization 
of the system of differential equations 




(4.2.5) 

and 

IK = A(t) X + g(t,x)Du 

(4.2.6) 


where x,y s R^, A(t) is a n x n matrix, Eu denotes the 

T tP' tP- 

distributional derivative of the function u. g : J x R -»■ R 
and u : J -► R is a function of bounded variation and n^t 
continuous on J. Here Du can be identified with a Stieltjes 
measure and has the effect of suddenly changing the state of the 
system at the points of discontinuity of u. 

Indeed, if we denote by xCt) the matrix function defined by 
X(t) = l(t) X(t) , X(o) = I, thQi the solution y(t) of (4.2.5) 
can be written as 

y(t) - X(t) y^, y(0) = y^ 
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Suppose that x(t) be any solution of (4.2.6) and let 

x(t) = X(t) c(t), c(0) = y^ (4.2.7) 

where X e G"(j). 

By taking the distributional derivative on both sides of (4.2.7)j 
we oblain (cf. [I8] ) 

Be = X ^g(t,x) Du 
which IS equivalent to 

t , 

eCt) = c(0) + / x-^Cs) g(s)x^s)) duCs). 

0 

Thus in view of (4.2.7 )y we have 

x(t) = y(t) + /^X(t) X ^(s) g(s,x(s)) du(s). (4.2.8) 

0 

"“1 

ESy setting R(t,s) = X(t) X (s), systeci (4.2.8) is similar to system 

(4.2.2). 

We require the following conditions in our subsequent discussion. 

(H^ ) u IS a right continuous real valued function defined on J and 
IS a function of bounded variation on J. 

(Hg) E(t,s) is integrable with respect to u for fixed t, 
0^s^t<“. let $ denote a finite set of ordered 
numbers 


$ : 0 s < t, < 
o 1 




t 
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and 


N 

IpCt) * SUD [ ^ 

$ i=l 



t 

o 


lR(t^.s)-R(t^_pS)|ctV(s) 

t. 

+ / ^ |R(t.,s)| dV(s)}] 

t. , 


+ 


where |du(s) | = d7(s)- 


(L) sup [4>(1:)3 1 B , where B 
^ t>0 ° ° 


IS a positiye constant. 


Ihe mam ^es^Jlt of this section is the following. 


(Eheorea 4.2.1. 

let be satisfied* issume that g(t,x) satisfies 

( 3 -) g(‘t»x) IS integrable (m the sense of lebesgue-Stieltjes) 

with respect to u and g(t,o) = 0* 

( 11 ) Ibr each 1 >■ 0 there exists 5 > 0 such that 


lg(t,x) - gCt,y)l _< L jx-yl 
Uniformly in t ^ 0 whenever jx] , jyj £ 6. 

Suppose that y e B7(j) (y(t) is the solution of the linear system 
( 4 . 1 . 1 )). ibr any fixed X e (0,l) there exists a number > 0 

such that 0 < , if } |yj (*£ X then there exists a 

unique solution x(t) of the ^stem ( 4 .I. 2 ), x e BV(j) md in 

I 

addition j jxj I* < e^. 

Proof. 

pbr a fixed X e(0,l), select L> 0 siich that IiB^ £ (I- X). 
assumption (li) of the theorem, we have a 6 > 0 such that 
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|g(t,xp - g(t,X2)| < L jxj-X2l 

UQxformly in t ^ 0, whenever |x;^ | » jx^j < 6 ♦ How, let = 6 
and for any e^>0, 0<ej^j< e^, define the set 

SCep * {x e BV(J) : j|x||* < e^} 

and an operator A by the relation 

,t 

CAz)(t3 = y(t) + / R(t,s) g(s,zCs)) du(s) 

0 

for z e S(ej^). !Ilhus, we have 

liAzll* < 11/11* + 11/^ RCt,s)gCs,zCs)) du(s)ir 

0 

N t , 

< X e, + sup sup [ I {/ !R(t.,s3-R(t. ,,s)|l1z(s)1 dv(s) 

t > 0 $ i«l t ^ 

t. 

* I ^ |RCt ,s3l l1zCs) 1 dvCs)}] 

"i-1 

!Eherefore, by using (^) and (i^), we obtain 

I lAzl !* < X Ej + L < X + (1-X) = Ej, 

Haice A maps S(ej^) into itself. 

How, if z^,z^ E S(ep, by using (h^) and (B^) and the assimption 
(li) of the theorem, we have 

IIAZJ-AZ 2 I j* 1 L 1 lzj-Z2i r 


< (1-X) llzj^-Z2ir 
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Since X < 1, A xs indeed a contraction on s(ej^). 

lEherefore, the ^^steni (4.2.2) and hence the system (4. 1.2) has a unique 
solution X e BV(j),[ jxj |* £ completes the proof of the 

theorem. 

Roaark 4.2.3 

A sufficient condition for | ly| 1 * £ X e ^ is that j jfj | ^ X e^^Cl+c^) 

where c^ is a positive constant sudi that 


^ h-1 


sup sup[ I {/ “ {R,Ct.,s)-RiCt._ps)lds+/ ’•|Ri(t.,s)|ds}3 < c„ 
t>04i=lt t., “ 


< 


(4.2.9) 

Ihus theorem 4.2.1 may be regarded as a stability resxalt for the 
system (4. 1.2) in the following sense: Given any Sj > 0 there exists 
a £2 > 0 such that for every f e BV(j), I jfj I i ^2 that the 

solution x(t) of (4.1.2) IS in BV(j) and . 

Remark 4.2.4. 


It IS apt to remark here that the hypothesis (B^) implies that 


sup V if |R(t,s)[ dV(s), C0,t3} < (4.2.10) 

t > 0 0 “ ° 


and the condition (4.2.9) implies 


sup V(/^ lR-(t,s)| ds, C0,t]) < c . (4.2.11) 

t > 0 0 ~ ° 


iHae following corollary is an immediate consequence of theorem 4*2.'l»»»^ 
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Corollary 4.2.1. 

If the hypotheses of theorem 4.2.1 are satisfied aod in 
addition 

- 3 } 

(H ) : for each I > 0, lira / }RCt,s)| dVCs) = 0 

t CO 0 

then lim y(t) = 0 implies that lim x(t) = 0. 
t t ->• 00 

Proof. 

Define the set 

= {x e SCej) : lim x(t) = 0} 

clearly S^(€j^) is a closed subspace of the norm j|•}|* 

We need only to prove that (Ax) (t) 0 as t ^ » for any 

^ ® T] > 0 he given. ^ hypotheses choose T > 0 

such that 

1 1 i * 1 ± 3 '°^ all t > T. 

Choose > T so large that, by (H^) 

lRCt,s)j dVCs) < Ct > T.). 

0 “■ ^ 

!Ehen for t ^ we have 

l(Ax)Ct)| < |y(t)l + / |R{t,s)l |g(s,x(s))jdV(s) 

0 
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ln/3 + / (RCt„s){ 1 }x(s)| dV(s) 4 /^[RCt.s)! L 

U m 


<n/34Le^/ lR(t,s){ dV(s) 


+ ~ [R(t,s) j d VCs) 


1 n/3 4 L e, r + |R(t,s)l dV(s) 


< n/3 4 


3 Ej 3 


LnB- L n B, 


0 


< n y since L ^ 1_X by the choice of L 


Sxnce n > 0 IS arbitrary, (ix) (t) -4 o as t -»- « 

completes the proof on the 
Example 4«2.1 (when n = 1). 


Choose 
for 0 ^ s ^ t 
Eurther, let 


-t -s 

a(t,s) = e® 


Ihen we have I 
< “ . Obviously the condition (4.2.9’ 


B for t < a 

fct) « { 

3 e~ ^ for t > a 


lx(s)I d V(s3 


in theorem 4.2,1. 

* 3hu8 
usual TOy, 

i^(t,8) = e"*® 

) IS satisfied. 


where a and g are positive constants. 

Ihen, one can verify that the solution y(t) of the linear 
system (4*2.1 ) is 
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+ (3/2) 


for t < a 


y(t) = 


+ (3/2) Cl-e-2“) + (3/3) [e"^“ - e“^^] for t > a. 


which is a fiinction of bomded vanation on J. 


Clearly { |yl } * < X ^7 S' Proper choice of 3 . Now^ choose 

0 for t < r 

u(t) = j , r> 0 

1 for ^ 3: 

— t -*s 

e -e 

and b(t,s) = s — for 0 <s<t < ®, 

(i«)^ 

llhen we have R(t,s) = — - — r and we see that all the conditions 

(l+sf 

of !I!heorem 4«2«1 are satisfied. 


Example 4.2.2 (when n = 1 ). 
Select 


f 0 for t < r 

^ =5 -.+ , r > 0. 

L (l+t)"^ e for t ^r 

-t -e 

/ \ ^ '**0 

and b(t,s) = e for 0^s^t<«>. Then it is clear that 

the hypotheses (H^) and (^) hold. Ity selecting f as in Example 
4.2.1 , we see that all the conditions of Oheorem 4*2.1 are satisfied. 


Elxample 4.2*3 (when n = 1 ) 

-(+_s) 

Choose a(t,s)= -1. 33aen, we have R^(t,s) ?= -e ^ . Cleafly, 

the condition (4.2,1 1) is satisfied but not the condition (4.2.9). 



However, the condition (4.2.9) implies the condition (4.2.11). 
4.3 Method of Successive Approximations. 
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In the section, we shall give an existence theorem by using 
the method of successive approximations. 

let S be a domain ( an open connected set) in E^. Hie set 
of all functions in BV( [0,T] ), T > 0 with values in S will be 
denoted by BV( [0,lj , S). 5br each t e [0,1] , we shall denote by 
the set of all functions x with properties 

(1) X eB7( E0,t] ) 

(ii) v(x, [o,t]) <_b where b > 0. 

Suppose that By( [o,t] ,s). !IMs is always possible if b is 

suitably chosen. 

Iheorem 4.3.1 • 

Assume that 

(I) the hypothesis (H^ ) holds, 

(II) the solution y(t) of the linear system (4 .I.I) exists, 

* 

ri^t continuous and y e B?( [0,1] ,s), 

(ill) for each x s b7( [o,T] ,S), g(t,x) is integrable 
(in Lebesgue-Stieltj es sense) with respect to the 
lebesgue-Stieltj es measure du on [ 0,3?] , 

(iv) lim ^('t) =x*(t) for each t s [0,3?]and 

Ic ->• « 

liffl tj^ = t^ imply 

liAi g(\»x^(t)) = g(t*,x*(t*)) 

k eo 

where t^s[O,0?}« 
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(v) there exists a real positive contintious function w defined 
over [OjT] stich that 

jg(t,x) 1 _< w(t), t e [0,T] 

tmiformly with irespect to x e BY( [0,50] ,S), 
and 

(vi) the function v(t) defined in hypothesis (H^) is 
sufficiently small for small t. 

Ihen, there exists a solution of (4* 1.2) on some interval 
[ 0 ,a 3 , a > 0. 

Proof. 

Let Ae(0,l) be fixed, 5Hien, by hypotheses (ii) and (iv) 
choose a, 0 < a ^ I such that 

VCy* [0,a]) ^ X b and Tf>Ca) ^ b 

where M = sup w(t) . 

0 _< t ^ a 

How, we define the sequence of functions { x^} by setting 
y(t) for t e [0,aA] 

(4.3.1) 

'-y(t) . / RCt^sIgCs-aA-Htts-a/yiduCs) 

a/k ^ 

for t e a], j = . 

K K 

She first equation in (4,3.1 ) defines x^(t) on the interval 
[0,a/k] ; the second equation in (4.3.1 ) defines 3Cj^(t) at first 
on the interval [a/k , 2a/k] , then on the interval [2a/k, ^a/k] , 

and so on, !Bhus x^ is defined on the interval [0,a3 . 5Haerefor%^ 
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we have 


V(Xj^,[0,a]) 4V(y,[0,a]) + V{/ RCt,s) gCs-a/k, x. (s-a/k)) du(s),[0,a]) 

a/k ^ 

N tl 

< X b + sup [ ^ {/ 1-1 |R(t!,s) - RCt» ,s)i dV(s) 

i=l t» 1 i-1 ' 

1 o 

t* 


where 


Hence, 


+ / 1 |R(t« s)| dV(s)}] 

i-1 


4, : a/k = t* < t» < ... < t» = t. 
1 0 1 N 


VCXj^,[0,a]) < X b + M ij;Ca) < b. 


« • » 


Therefore, e Qg^ all ^ = 1»2,. 

This implies that the sequence is uniformly bounded and is of 

■uniformly bounded variation. By Helly'^s selection principle (see 

[52] ) there exists a subsequence } and a function x* of 

3 

bounded variation such that 


lim \ (t) = x*(t), t e CO,a] 

and V( X*, [ 0,a ] ) £ b. 

This shows that x^e Q c BV( [0,a] ,S). 

St 

itom equations (4.3.1 ), we have 




Let du+ aM du“ be the positive and negative variations of 
Lebesgue-Stieltjes measure du. Bben 


ft 

f RCt,s) g{s-a/k , X, (s-aA^)) du(s) 

0 3 K 3 


= RCt,s)gCs-a/k.,x. (s-a/k.)) <3u'*‘(s) 

0 3 j 

ft 

- J R(t,s) g(s-a/k. , X. (s-a/k )) du~Cs) 

0 3 K. j 

Uow take limits on both sides as j -► eo. Ih|r using the hypothesis 
(iv) and Lebesgue’s dominated convergence theorem, we obtain 


lim R(t,s) gCs-a/k. , x. (s-a/k J) du(s) 
j CO 0 ^ J ^ 


ft 4, t 

* / R(t,s) g(s,x*(s)) du (s) - / R(t,s)g(s,x*(s)) du" 
0 0 

= R(t,s) g(s,x*(s)) du(sD 
0 


and 


a/k. 

lim / ^ R(t,s) g(s-aA., x, (s-a/k.)) du(s) = 0 . 

j -»■ TO 0 ^3 ^ 


Bius, from (4.3»2) as j , we have 


t 

x*(t) = y(t) + / R(t,s)gCs,x*(s)) du(s), t e [0,a]. 
0 


This completes the proof of the theorem. 
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4»4. Global Existence Iheorem and As^Taptotic Equi-'/alence , 

Kie main disadvantage of proving the existence theorem using 
the methof? of successive approximations is that a contmxaation 
theorem is necessary. But one can avoid the contmuatron theorem 
(which is difficult in our case because of discontinuous solutions) 
by proving the existence of solution of (4.1 .2) on the whole interval 
J. Ghis could be achieved by using fixed point theorems. ffiius, 
we have the following existence theorem on J. 

Iheorem 4.4.2. 

Assume that 

(i) the hypotheses (H^ ) - (l^) hold, 

(li) the solution y(t) of the linear systam (4.1.1 ) exists and 

y e w(j), 

(ill) X -»■ g(t,x) IS a continuous map mapping BV(j) into BV(j), 

» 

(iv) x^ X pointwise as n -»- « implies g(t,x^(t ) ) -> g(t,x(t)) 
as n -»■ «> uniformly in t e J, 

(v) there exists a non-negative measurable function w(t) and a 
positive number p such that 

jgCt,x)| ^W(t3 for Jxj £p, t e J 
and 1 1 y 1 1 P 

where is a positive constant such that 

N t, 

si^ sup [ jRCt. ,s3 - R(t- ,,s)} W(s) dVCs) 

t > 0 $ i»l t 

*= o 

t. 

+ I ^ lR(t.,s)l W(s) dV(s)}3 < ^ 

t ^ 

^i-1 
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Ihen there exists at least one solution x(t) of the system ( 4 . 1.2) 
on J and in addition |lx||* < p. 

Proof. 

Define a set 

SCp) = {x e BVCJ) : {ix||* < p} 
and an operator A by the relation 

CAx)Ct) = y(t) + / RCt,s) gCs,x(s)) du(s3 
for X e s(p). 

Prom our hypothesis it follows imaediately that A is a continuous 

operator napping s(p) to BV(j). Purther it can be shown 

that 

as(p)<zsCp). 

/ 

Indeed, for every x e S(p), we have 

11^1! 1 i 1/11 + 11/^ R(t,s) g(s,x(s3) duCs)!!’’ 

0 

N t. ' 

< 11/11* + sup sup [ ^ {/ jR(t.,s)| W(s) dV(s) 

t > 0 i=l t ^ 

“I ® t. 

/ ^ |RCt.,s)j dVCs)}]. 

^i-1 

Ihus by using the assmption (v) of the theorem, we obtain 
IIAxH* i jyjj* + Aq < p. 

We now show that AS(p) is a relative ctaapaot set in B7(j). 
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It suffices to pro-re that, any sequence {iz } .in AS(p) has a 

n n=1 

conyergent subsequence ♦ Obvxously, the sequence imiformly 

bounded and is of \iniformly bounded variation. Hence by Belly's 

selection principle (cf. [52] , p. 74 ) there exists a subsequence 

{x^ } which converges pointwise to x*e s(p). However, this does 

not imply that j | x^ — x*| j -»■ " as 3 . (Eherefore, it remains 

3 

to prove that ] ] Ax^ -Jss*] 1 * -j. Qas j . In fact 

tl 

MAXj^ - Ax*l| = \\J^ R(t,s) [g(s,3e (s)) - g{s,x*(s))] duCs3|P 
j 0 “j 

N t . 

< sup sup [ ^ {/ |R(t.,s) - RCt i,s)I 

— o 

|gCs,3«^ Cs)3 - g(s,x*(s))i dV(s) 

i 

t. 

* / ’■ |PCtj,s)| IgCs.x^ ts)) - gCs,x*Cs))l iWCs). 

'1-1 J 

let e >• 0 be giren. Choose N-i > 0 so large that, by assimiption (iv) 
of the hypo -theses, 

!g(s,:^ (s)) - gCs,x*Cs3)| < e/B for n. > T-- 
3 •’ 

iEhen, we have 

{jAXj^ - Ax*({ < e for n.: > N.j 

J ^ 

and hence |l-Ax^ - Ax*{j *-»-0 as ;3 


00 
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Fowji an application of Schander’s fixed point theorem yields the 
desired result. Ihis completes the proof of the theorem. 

Corollary 4.4.1. 

Let the assumptions of Oheorem 4.4.1 hold acd in addition (i^) 
holds, Assume that W(t) is botinded and w(t) = 0. 'Pben 

lx(t) - y(t)| 0 as t oo* 

The proof of this corollary is direct and hence onntted* 

Remark 4*4*1» In theorem 4*4*1 j the assimption (v) can be replaced 
by the following assumption. 

(t)^ there exists a nonnegative boimded measurable function w(t) 
and a positive number p such that 

|gCt,x)| ^WCt) for Jx] < p, t e J 


and 

iixir + 


where 


= sup W(t). 
t e J 


!. KANPUP 





CHi^PTIS - 5 


01 THE STaBIlITY OP EIPPMlMTIiil. SYSSMS WIGH 
RESPECT K) laiPDIiSIVE PERGEIEBiiTlOIS 


5«1 Introduction. 

It IS well knom that the integral inequalities of Gronwall- 
Reid— Bellman type [ 4 ] and its extensions ( [5] j [27] ) play a 
vital role in studying the qualitative behavior of solutions of 
ordinary differential eqmtioas and volterra integral equations* But 
they are not much useful to study the b Savior of solutions of measure 
differential equations and differential equations with impulsive 
perturbations. !Ehe 3?ea8on for this is, the integral inequalities of 
Gronv»all-Reid-Bellman type and its extoisions are not available for 
the Stieltjes integrals. However, a sli^t modification of Gronwall- 
Reid— Bellman inequality and its extensions would be useful to obtain 
some stability properties of solutions of ordinary differential 
equations containing measures, 

!Qie object of this chapter is to investigate some stability 
properties of solutions of ordinary differential systems with respect 
to impulsive perturbations. Sections 5.2 and 5.3 contain theorems on 
uniform asymptotic stability of zero solution of a system of ordinary 
differentia equations containing measures. 
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5 #2 Stability. 

We shall consider the following measure differential equation 

Dx = f(t,x) + g(t,x) Du (5.2.1 ) 

where x e Du derotes the distributional derivative of the 
function u. f,g e 0 [ J and u: J R is a function of 

bounded variation, right continuous on J. Here Du can be identified 
with a Stieltjes measure and will have the effect of suddenly changing 
the state of the system at the points of discontinuity of u. The 
piMmary aim of considering (5*2.1 ) is the following. The equation 
(5.2.1) may be regarded as a perturbed system of the ordinary differential 
equation 

x‘ = i(t,x) (5.2.2) 

where the perturbation g(t,x)Du is impiiLsive and has the effect 
of suddenly changing the state of the system. A nat\u*al question 
arises under what conditions the stability properties of (5.2.2) are 
shared by the solutions (5.2.1 ). It suems very difficult to get a 
satisfactory answer to this question. It may be so because 
differential and integral inequalities play a very important role in 
the stability theory [25] ; but when we consider the stability of 

solutions of (5.2.1), the fact 1hat its solutions are disdiptinTjous readers 
riany of the differential inequalities unapplicable the 

integral inequalities are not available for Stieltjes integrals. 

However, a generalizatoon of Gronwall— Reid— Bellman inequality wd its 
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extension, (given in chapter 2) woiild be useful to investigate some 
stability properties of solutions of (5.2.1 ) ‘^ith respect to the 
solutions of (5.2.2). Let f and g be smooth for local existence 
and tmiqueness [cf . 46 ] . 

Let x(t) x(t,t^,x^) and y(t) = y(t,t^,y^) be the solutions 
of (5.2.2) and (5.2.1) respectively, throu^ (t^,x^), existing to 
the right of t^ ^ 0 m S(r) where s(r) = {x e |x] £ r } . 

Ohe function y(t,t^,x^) is a solution of (5.2.1 ) with y(tQ) = 
if and only if 

y(t) = X + /^ fCs,y(s))ds + g(s,y(s)) du(s). 

Definition 5.2.1. 

!IIhe null solution of (5.2.1) is said to be eventually uniformly 
asymptotically stable if the following two conditions hold s 

(i) for every s > 0 , there exist ^ =5(e')>o and t = T(e) > 0 
such that j vft,t^,x^)| < c , ^ \ ^T(e)j provided jx^j < 6, 

(11) for every n > 0 , there exist positive numbers 6^ , and 
f = T(b) such that 

lyCt.tQ.Xp)! < n, t > tjj + 

provided jx^l < 6^. 

In this section, we shall give sufficient conditions for 
uttifoim asymptotic stability of (5.2.1 ) with respect to (5.2.2). 

Let f(t,0) =0 for all t > 0. 
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Haeorem 5.2.1 . 

Let the null solution of (5.2.2) be uniformly asymptotically stable. 
Assune that 

(i) f satisfies a Lipschitz condition of the type | f (t,x)-f (t,y ) | ^ 
L(t) jx-yj , for |xj , jy| ^ a where a is a positive real 
nxuttber and L(t) is a non-negative real -valued integrable 
function satisfying 

sup L(s) ds^A(T), 

t ^ 0 t 

where A(t) >0 is a continuoxis function for all t > 0, 

(ii) there exists r > 0 such that if jx| ^ r, thaa | g(t^)| Y(t) 
for all t ^0, where 

G(t) = YCs) dV(s) 0 as t ^ 

t 

Ihen, there exist T > 0 and > 0 such that if t > T 

0 — o o — 0 

and Ix^l < 6- , the solution y(t,t ,x ) of (5.2.1 ) satisfies 

IQ* O 0 

|y(t,t^,Xo)| ^ 0 as t CO . In particular, if g(t,0) = 0, then 
the null solution of (5.2.1) is eventmlly uniformly asymptotically 
stable. 

Proof. 

Constants corresponding to uhe system (5.2.2) shall be starred, 
those for (5-2.1 ) shall not. Hhthout loss of generality we can 
assume r < a < 6* . Let t > 1 and lx 1 < r. Biean if 

Q 0 ^ * 0 * — 

jy(t,t^jX^)| _< r on [t^jt^+r] for some t > 0 , 


we have 
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lyCt) - xCt)| ■< / L(s) lyCs) - xCs) | ds + y(s) dv(s). 


obviously, the set of points M where the function / y(s) dT(s) is 

to 

diseontinuoiJB , is atmost countable and its lebesgue measure is zero. 
On the other hand, the function / t(s) dv(s) is continuous on 

r r \ 

Ito, “ j - M, therefore it is integrable on [t^, » Hence, by 
Lemma 2.3*1 > we get 


ly(t) - xCt) I _< exp [/^ L(t) dr] yCs) dv{s) 

< exp [ACt)] y(s) dv(s). 

t. 


Since t ^t^ i If by changing the order of integration, we obtain 


lyCt) - x(t)l < exp [ACt)] / G(s) ds. 


^ 0-1 


Define Q(t) = sup {G(s) : t-1 ±s < “}. 
IHaen q( t ) decreases to zero as t -»- <» and 


|y(t) - x(t)| £ C1 +t) exp [A(t) 3 QCt^). 

Let 0 < e r , Choose 6 = 5Ce) = so that 0 < 5 < e . 

Choose T= T(e) = T*(|-) . Choose !E^ = r^(e) so large Ihat 

QCTj^) < 5 [2(1 +t) exD {A(t)}]"^ . 

Let t^ ^ and }x^j < 6 . fflien for as long as [y(t,tQ,x^ 1 ^ 
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in the interval [t^,t^+T3 , 

<exD EA(t3] (1+t3 OCTj) + j 
S e 

^ 2 * 2 ^^’ 

I>et y^= y{t^+T , t^, x^) Ohen 

lyj 1 "• 

<1* xCt„*T*(|). Vx„)| 

■=2*2' '• 

ffow, let m be a positive integer ani^ assume that 

lyCt,t^,xp| < e on [t^,t^+mT3 and )y(tj^+inT,x^,tQ) ) < 6. Let 
/jj ® !Ihen for as long as |y(t,t^-teiT ryj^)! ^ r 

on the interval [t^+mf , t^+(m+1 ) t] , we have 
lyCt,tQ+raT,yjjj)j 1 |yCt, VinT,yjjj)-xCt,tp+mT,yj^) i + lxCt,tQ+mT,yjj,) i 
< ^yn [/(t^] (I-t) QCt^+mT) + j 



ymfl = yCt^-^(m+l)T, tQ,x^). Then 

JS Jf 

+ |x(VCiiH-l)T,t^+lttr,y^)l <^ + - = S, 

Ihiis, by induction, ] y(t,t^,x^ ) | < e on every interval 

[t^+ mr , t^+ (m+1 ) t] , and hence on {t^, <»), E&aa&j if g(t,o) = 0 
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thea we have shown that the null solution of (5»2.l) is eventually 

unifonnly stable. Ibr the rest of the proof, choose 6^ = 5 (r) 

and 1^= T^(r). ihx ■f'Q ^ * 5hen [ y(t,t^,x^)| < r 

on [t^, " ). let 0 < ri < r. Choose 5(ri) = 0 < 6 < n, 

* 6 

t(ii) = f (~) and (n) such that 

QCTj) < 6[2(1 +t) exp {A(t)}]“\ 

let = y(t^+ T^jt^jx^). Then |y^| < r < 6J. Then 

+ lx(VT+TpVTi,yp)1 

< exp [ACt)] C1+t) QCtQ+Tj) + J 



Thus by the first part of the proof, 
l 7 Ct,tQ,x^)l = |yCt,t^+T+Tj,yCt^+T+Tj)) 1 < n for all t ^ + T, 


where T = T(n) = t + T^, c»mpletiag the proof. 

Theorem. 5-2.2. 

Assxme that all the conditions of CCheorem 5.2.1 are satisfied 
except that condition (i) is replaced by 

lf(t,x) - £(t,y)j < ICt) WCjx-yl) 

for jx| , I y| ^r, where ¥(o) = 0 and W(u) is monotonic inoi^^ing 
in u, X(t) is a nonnaegative integrable function such that 
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/ oo 

XCs)ds IS finite. 

0 

Bien there exist f > 0 and S >0 such that if t > 0? 

O — 0 0—0 

and (x^l < 6^ , the solution y(t,t^,x^) of (5.2.1 ) satisfies 
1 ) I -»■ 0 rs t provided that / is divergent. 

If g(t,o) = 0, then the null solution of (5.2.1) is eventually 
uniforiDly asymptotically stable. 

Proof. 

As in the proof of Oheorem 5.2.1, let t > 1 and lx I < r. 

^ o — * o' — 

Ihen if |y(t,t^,x^) | r on [t^jt^+f] for some positive number t 
we have 

l/^ W(ly(s)-xCs)l)ds + Y(s) dvCs) 

_< /^ XCs) W(ly(s3-x(s) })ds + QCt ) (1 +t) 
t 

o 

Tdaere Q is the function defined in {Qieorem 5.2.1. Thus, by 
appl 3 ring LeDjma 2.4.2 on [t^yt^+r] , we have 


|y(t,t^,x^,) - x(t,t^,x^)l < $2“^ [OCCl+T) QCt^)} + / XCs) ds] 


,U ge 

where ^Cu) = j — , u > 0, u > 0. 

o 

Since / ^.s divergent (or Q(o) = - ~ for a given > 0 

there exists a positive number K^Cej)^ however large, such 


■(s) £ whenever s ^ -Kj^(ej^) 


that 
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and also for a gx-vea positive number 1±iere exists a positive 

number ^2 ~ ^ 2 ^^2^’ however small, such the,’- 


Q(s) ^ -K2 for s ^ e2(K2). 


Let 0 < e £ r be given, choose 6 = «S(e) = 6*C— ) so that 0 < 6 < e. 

2 


Ghoose T = T(e) = sf (-1) , Let e = - and define 

2 -^2 


X #o& 

^2= (^) + / X(s)ds. Choose 3?^ ^ 1 so large 

^ 2 ^ 2 ) 


0 

QCTi) 


that 


(1+T) 


Let t^ ^ and |x^| <6 , (then as long as |y(t,tQ,x^)j ^ r 

for t e [t^jt^+r] , we have 


iy(t,t^,x^)| £ iy(t) - x(t)| + lx(t,t^,XQ)l 

< [fi{ 62(1^2)} + r ^Cs)<is 3 + - 

0 2 



331U0 on have sho^ tihat j j < e whenever 

i^o!'^ 5 y-j“ y('t'Q+T ,t^,x^), then it is easy 

to show that jy^l < 6 . 3!he rest of the proof is exactly 

in iSheorem 5*2.1 and hence omitted. 

5 * 3 * Special cases. 

In this section we shall consider the linear differential 
systems with in^ulsive perturbations asod presoat erane results which 
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generalize some of the results of [3] , [6] , [7] and [54] 

2?o this end, we assume that 

f(t,x) = iz + p(t,x) 

in equation (5.2*1 ) where A is a n x n constant matrix and 
Fe C[J>ce°',e^ 3 , Ihe solution y(t) of 

Dx = Ax + F(t,x) + g(t,x)Du (5.3.1) 

satisfying y(t^) = x^, t^e J, is giwsn by 

y(t)=Ht)x^+/%(t-s)FCs,y(s))ds+/\ct-s)g(s,yCs))du(s),t e J, (5.3*2) 

^0 

where $(t) is the fundamental matrix of the equation x’= Ax 
satisfying $(t^) = I and $ e c“(J) [ cf . 46] . 

(Eheorem 5.3 *1 . 

Assume that 

(i) the characteristic roots of A have negative real parts? 

(li) given any e > 0 , there exist 6(e) ,T(e) > 0 such that 

}F(t,x)j ^e |xj provided jx] < 6(e) andt>T( 6) , 

and 

(ill) the condition (11) of Theorem 5.2.1 imlds. 

Then, there exist T > 0 and 5 >0 such that for every 

% and jxpl < 6 q , any solution y(t) 5= y(t,tjj,x^) of (5.3.1) 

satisfies lim y(t) = 0. If, in particular, (5.3*1) possesses the 

t: 00 
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If L ^ using condition (ix) of Hieorem 5.2.1 and changing 

the order of integration, we obtain 


cj yCs) dvCs) < c, GCs)ds 

< c^QCt^ e*-^^ ds 

tQ-l 

i-r 

Therefore, from (5.5*4) for t ^ t^ ^ 1 , we have 


lyCt)! 5 IxqI + C 2 QCtQ) + / ^ ^(s) w(ly(s)l)ds (5.3.5) 


1 a> 

where c_ = — e . 

d. 3, 


Hence, by Lemma 2.4.2., we get 


ly(t)l < |xj + C 2 QCtp)) + \(s)ds3 ( 5 . 5 . 6 ) 

where f^(u) = 157^ » ^ ^ 0» ^0 ^ 

Uq 

Now, we choose {x^j and Q(t^) small enough so that 
Q [c^(x^ } + Cg Q(t^)3 will be as small as we wanted (it will 
approach «<» arbitrarily). IJius the right hand snde of (5.3.6) 

can be made arbitrarily small for all "t ^ "tQ- SldLs pr^owea the 
eventual unifoama stability of the null solution of (5.3.1 ). 

Itirther, we show that jy(t)[-»-Oas t-*- ®, provided that jx^j He 
sufficiQitly small. Since the null solution of (5.3.1 ) is eventt©I|y 
uniformly stable, |y(t)f is bounded for siafficiently small jx^| , 
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Ihat IS, 

iyC'tyt j2c )1 < K for all t > t 
‘ 0 0 — o 

whenever |x^j < 5 , where K depends on 6 » 


Using (5.3*2), (5.3.3) and the assumptions of the theorem, we get 
iyCt)l < x(s)w(K: ds+c e“^^^~®^XCs)wCK)<is 


+ c. 


ft -aCt-s) 


y(s) dv(s) 
at 


l^oi ® 


-a(t-t^) ^ ^ ^2 jt/:^ ^ ^ j ^^ 3 ^^ 

^ 0 t/2 


. /% G(s) ds 

tg— 1 

By using Tj ‘Hospital irule and the fhct that Cr(t)-^ 0 as t-^ ” 
it IS clear that 


f" GCs) ds 0 as ■; -»■ », 

/ OO 

Xf ;)ds is fim c , the right hand side of the above 

0 

inequality tends to zero as t . Consequently jy(t)l ->-0 as 
t CO 5 which completes the jawof of the theorem . 
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DII’EERMajUL SrSTIMS WLTE IMHJISLVB PERITOEBAIIONS 
AHP PSTMTSIOK OP LYAPOTOV’S MEQHDD 

6.1 Introduction. 

It is well known that the second method of Iiyapunov its 
extensions play a vital role in studying the qualitative behavior 
of solutions of ordinary differential equations (cf. [l ] , [28] , 
l34] ) and functional differential equations (cf, [20] , [57] ). 

lEhis method crucially depends on estimating the derivative of a 
scalar function along the solutions of the given differential 
equation. But this type of technique is not much useful to study 
the behavior of solutions of measure differential equations and 
differential equations with impulsive perturbations, illie reason for 
this is, since the solutions of such differential equations are . 
disco ntiniK)Xis, most of the differential inequalities are not applicable. 
However, the stability of systems with respect to impulsive 
perturbations has been considered by Barbashin [3] and Zabalischin. 

[ 59 ] • 23ae aim of this chapter is to extend the lyapunov's second 
method and investigate sufficient conditions for lanifomn asymptotic 
stability of differential equations with impulsive perturbations. 
iHae present study includes some of the results of [3] f [54] aid [59] . 
A siiig)le example is constructed to illustrate the results. 



6.2 I^rapuriov Pune t ions 


iis IS well known, Ijyapxinov's second method has its origin in 
three simple theorems that fom the core of what he himself called 
the second method for dealing with questions of stahilily. It is 
widely recognized as an indispensible tool not only in the theory 
of stability but also in studying many other qualitative pioperties 
of solutions of differential equations. The mam characteristic of 
this method is the construction of a scalar function, namely the 
Lyapunov function. We need the following definitions. 

Definition 2.6.1 

A function <}>(r) is said to belong to the class Ji. if 
({> e 0 [ 4(0)®0 , and 4>(r) is stnctly mono tonic 

increasing in r. 

Definition 2.6.2. 

A function Y(t,x) with v(t,0) - 3 is said to be positive 
definite (negative definite) if there exists a function ^(r) e'X 
such that the relatj.on 

V(t,x) ^<}.(jxj) C<*-Klxt)D 

is satisfied fbr (t,x) e J x S^. 

Definition 2.6.3. 

A fWQction v(t,x) ^0 is said to be decrescent if a funcrtion 
4>Cx) e'Jji exists siatdi that 
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VCt,x) < <{)(lxl), Ct,x) e J X s^. 

Defxiaj-tion 2.6.4. 

Cq denotes the class of functions baring uniform lipschitz 

constants on J x s • q the class of functions having continuous partial 

P m 

derivatives of order k = j C„ the class of functions 

having continuous and bounded derivatives of every order on 
J X Sp . 

Consider the differential system of the form 

x' = f(t,x) (6 .2.1 ) 

vhere x^ f e and f(t,o) = 0 for all t ^ 0. 

Definition 2.6.5. 

¥(t^) IS a lyapunov function for (6.2.1 ) if 

(i) ¥(t,x) IS positive definite and on J x 

(li) V'(t,0) = 0, 

(iii) * ^Ct,x).£Ct,x) < 0 

for (t,x) e J X Sp 

where W = C V, . , * , V) . 

1 n 

¥e need the folloising result whose p3?oof can be found in 

[ 54 I 
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Haeoron 2.6,1 (Massera [34] ). 

If, for (6.2.1 ), f e on J x Sp and x = 0 is imiformly 

as3n3iptotically stable then there exists on J x Sp a I^rapunov 

function v(t,x) for (6.2. l) such that ^(tjx) is positive defirate 

« 

and decrescent and Y^g 2 1 ) negative definite. 

6,3 Urafona Asymptotic Stability. 

We shall consider the foUowing measure differential equation 

Dx = f(t,x) + g(t,x)Du (6.3.1) 

where x e Du denotes the distributional derivative of the 
fimction u; f ,g: J x E°' -»■ E°' and u; J E is a fuixition of 
bounded variation, right continuous on J. Ohe primary aim of 
considering (6.3.1 ) is that the equation (6.3.1) may be 
regarded as a perturbed system of the ordinary differential system 

- f(t,x) (6.3.2) 

where the perturbation g(t,x)Du is impulsive and has the effect 
of suddenly changing the state of the system, 

Ihe proof of oxir main resiilt is crucially depending on 
almost everywhere differentiability of the function u sind this 
property is guranteed because u is a function of boiaided variation. 

In fact, a function of bounded variation has a finite differential 
coefficient almost every^ere (see E 55 3 , P- 5^ ). 
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We require the follovrijog conditions in our subsequent 

discussiouj 

/ 

(Aj ) IHiere exists a r > 0 such that for every b, 0 < b < r, 

there exist ^ 0 and a measurable function YijCt) defined 
on such that |g(t,x)l ^Y-^Ct) for all 

^ i l^i — ^ j where 

G^Ct) = / YijCs) ds ^ 0 as t ^ 


Define Q^jCt) = sup {G^(s) : t~l £ s < ®} 

f 

obviously, + 0 as t 


(Ag) u is a right continuous real valued function defined on J 

and is a function of bounded variation on J. !Ehe discontinutxes 

t. < t„ < t_ . . . »< t < . . . . of u are isolated* 

I 5 Jr 



CO CO 

Ihe senes I ^ ^ convergent, 

n= 1 n=s 1 


where h^^ represents the jxaap at t^^ of the function u. 

(A^) Ihe derivative of u on ^ ~ 1,2,3,*«* exists 

and is boiaided by a constant M > 0 where the derivative 
at t^, k = is to be understood as the n^t hand 

derivative* 


In this section, we shall give sufficioit conditions for 
eventual uniform asymptotic stability (see for definition [25] , 
P. 222 ) of the trivial solution of (6.3*1 ). 
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Bieorem 6.3 -.1. 

liBsime that the coMitions (A^ ) to (A^) hold aud 
fec^, f(t,0) = 0 for t ^ 0, L3t the trivial solution of 
( 6 . 3 . 2 ) he \am.formly asymptotically stable. Ihen there exist 
3} > 0 and 6 >0 such that if t > T and |x.| <6 j "tiiQi the 
solution y(t,t^,x^) of (6 . 3. 1 )' satisfies ly(t,t^,x:^)l 0 as 

t -i- <» . In particular, if g(t,o) = 0, then the trivial solution 

of ( 6 . 3 . 1 ) IS eventually loniformly asymptotically stable. 

Proof. 

Since the trivial solution of ( 6 . 3 . 2 ) is uniformly asymptotically 

stable, by iEheorem 6.2.1, there exists a lyapunov function 7(t,x) on 

J X s satisfying 
r 

(i) a( lx I ) ;^v(t,x) £c(jxl) , a, c elC 
(ix) ■'(6,3,2)^“*^^ CF e-JK, 

(ili) !vv(t,x)l£ K^, where is a positive constant. 

Further j since u is continuous and differentiable on [ ^ 

also continuous and differentiable on ^ “ 1,2,... let 

tj^ "’'b+i chosen for a fixed k . 

Now, as long as y(t) of (6.3 . 1 ) exists ax^i difeerentiable 
for te we have 

~V(t,y(t)) = |~V(t,y(t)) + WCt,y(t)).[£(t.y(t))+g(t,yCt))u(t33. 
at ot 



Integrating from tj^ to t and using (i), (ii) and (lil), we get 


V 


VCt,y(t)') < v(tj^,y(tp) - / ff(|y(s)i) ds + !gCs,y(s))| ds. 


IThus, if 0 < b _< jy(s) ] < r between tj^ and t, where 
then the lemma 5 .4 in [ 54 3 yields 

VCt,yCt)3 < V(t^,y(tj^)) - 0 (b) (t-tj^) + QbC\)Ct-Vl). (6.3.3) 
Since v(t,x) is continuous in t for each fixed z, we have 


ilv{t^^l.y(t^^ll)-?(t^^j,yCtJ^p)|*lin^[VCt^^j-h,yCt^^j-h))], 

(6.3.4) 

where h > 0 is sufficiently small. Itirther, we know (cf. !Eheorem 
2.6.1) that y is a solution of (6.3.l) through (t^,x^) on J if 
and only if it satisfies the integial equation 

yCt) = Xq + /^ fCs,y(s)) ds + g(s,yCs)) du(s) 
for t ^ t^ e J, ETow, by definition 

ly(Vi) - yCtj^+i)! = lim lyCt^^i) - y(ti,*rh)l 

h -i-O 

iZ "tu 

» lim 1/ £Cs,y(s3) ds * j g(s,yCs)3 du(s)I 

i IgCVj, rtVi”! 
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Thus 


’'k»I- (6-3-5) 

using (6.3.3)j (6.3»4)j (6.3*5 ) and the unifom Lipschitz 
property of Y (this property is guranteed because of (iii)), 
we obteiin 

n 0 

+ MKj ^b^H+l^^k+l‘ 

nhat is, 

lVC\,y(t|j)) - a(b) - tj^) + (6.3.6) 

+ MKj O^^(tj^) Ctj^+i-\+l) + \+r 

!Ehus, if 0 < b ^|y(s)j < r between tj^ eind then for any 

t e [t^f from (6.3.5) and (6.3.6), we hare 

(6.3.7) 

Similarly, if b^ ly(s)} < r between tj^^^ and 

i 

* ■'l ^bfVl”V2 


C6-i4!lL 
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[Thus, if b ^ |y(s)}< r between t^^ and ^7 (6.3.7), 

(6.5.8) and decareasing property of Q^(t), we liave for 

^ W 

VCt.yCt)) f.VCtj^,yCtj^3) - a(l-0 + MK^Q^Ct^ 

" \. 2 - 

i!y repeating this paxicess, in general, if b_< [y(s)| < r between 

t, and t, then we have 
k ' 

VCt,y(t)) < VCtj^,y(tp) - a(b)Ct-.tj^) + MC^ (t-tj^+l) 

GO 

(6.3.9) 

Let 0 < E be given. Choose 5 = 5 (e) , 0 < 6 < e so that 

3c(5) < aCe). (6.3. 10) 

Let a ^2 be sufficiently large fixed number. Choose I^= N^(e) 

so large, t_ > x +1 so that 
- S/A 

CO 

J„ "n.l’ Vl " %u tVl’) ^ ^ 

Choose 1^= T^(e ) ^ tjj so large liiat 

%/S, ^ (oC«/A), aCe)). (^5-12) 

Let }x„| < 6 and t^ > T.. fflien we claim that 
o* 0—1 
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< e for t e (6.3.13) 

Suppose ”ot. "Det be the fLrst point such that ] y(tj) | ^ e 

and let be the last point such that 6/Jl <_ |yCT2)l jf. 5. 

{Then 6/jt < | y(t) j < r between and hence by (6 .3 *9) to 

(6 .3«12 ) we have 

a(e) < aClyCTj)!) lV(T3,yCT3)) 


< V(T2,yCT23) - a C6AD (T3-.T2) + ^ ^ 

00 


lc(lyCT2)l) . MK^ CT,) . 


+ [MKi CTj) - 0(6/11)3 [T 3 -T 23 

< c( 6 ) + 

3 3 


< + 2 a(g) _ 


aCe), 


3 3 

a contradiction, proving (6 .3 •13). Biis proves that the trivial 

jt 

solution of (6.3.1 ) is eventually unifomily stable fbr the case 

g(t,o) = 0. Ibr the rest of the proof, choose 6^ = 6(r) and 

1 = T^(r). Elis: t > T and [x I < 6„ . Bien (6.3.13) implies 
Cl o — O ‘0‘0 

that jy(t,t^,x^)| <r on [t^, »). let 0 < n < r be given. 
Choose 6 = 5(n), 0 < 6 < n , so that 

32^.5) < a(n). 


and Ug =¥2(11) so large that, t^ 


(6.3.14) 
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I Ct ,) h , + M 0 ft 1 1 < 

n=N^ 15 n+1^ n+1 "'5'' n+i''-* ^ 


(6.3.15) 


mhen 


, choose 1^= 5C^(n) such that 


Select 


T= [ 


3MK^ QgfTp < nun (0(6), afn)). 

3e(r) + 3MK^ Q^fl) + afn) + 2Tj(n) 0(5) 
20(5) 


(6.3. 16) 


] > T^(n) 


and xt IS clear that T depends only on n > not on t^ or x^. We 
now claim that 


lyCt,to,x^)| < 5 for some e [VT^,t^+T]. (6.3.1?) 

Suppose not. Ihen 6< |y(t,t ,x^)j < r on ft + T^.t +T 1 . let 

•— * O0‘ Ol^O** 

^0"^ (6.3.9) to (6.3.16), TO have 


0 < aC5) < aC|y(VT, t^*Tj,yp|) < v(t^.T, yCt^.T)) 

i'ClXol) ♦ [M:i Qs(VTj)-aC5)][T-Tj]* KKj QjCt^.Tj) * 

CO 

< cCr) - - 0(6) [T-T^j + JIKj Q^(Tj) + ^ = 0, 

3 

a contradiction, proving (6.3.17). fflius by (6.3. I3) 

iy(t,tj,y(tj,t^,x^))| < n CHI [tj,~) 

because and {yCt^, t^, x^) } < 6. 

Hence, by uniqueness of solutions of (6,3.l) we have 
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|yCt,to,x^) I <• n for t > + T. 

Since ri is arbitrary Iy(t,t^,x^) | -»■ 0 as t -»- « . Since T 
depends only on n and 6 depends on e , the trivial solution 
of {6,3*1 ) IS eventually vuiiformly asymptotically stable if 
g(t,0) = 0, lEhis completes the proof. 

Remark 6 . 3.14 

In view of remark 3.14.1 in [25] , in Oheorem 6.3*1 the 

uniform asymptotic stability of the trivial solution of (6.3.2) can 
be replaced by eventual uniform asymptotic stability. 

Remark 6.3.2. 

If the perturbations in equation (6.3.1) are not impulsive so 
that the state of the system changes continuously with respect to 
time t, then the above result reduces to some of the results of [25] 
and [54] 

Example 6.3.1 . 

Define Y(t) on [0,“>) as follows. Bor each positive 
integer n, Y(n) = 1, otherwise Y(t) = — . fhen Y(t) <^0 

I + b 

00 

as- t » and / Y(t) dt = » . However, 

0 

GCt) - f" ^ y(s) ds -»■ 0 as t 
t 

A 

In this case Q(t) = log (l + :^ ) and Q(t) 4-0 as t -»• «, 
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Choose uCt) = ^ u, (t) 

k=l ^ 

vfiiere ® t < n^, 

2 

= 1 for t ^ n . 

2 

23ien h^= 1 and t^= n for n = Clearly the discontinuities 

of u are isolated. Further 

Q(t ) = log (l + ^ ) and 'Y(t ) = . 

n 1+n 

00 00 

Obviously the senes I Y (t )h and ^ QC'fc^) convergent. 

n=l “ ^ n=l “ 

Hius the conditions (A^) to (A^) are satisfied. 
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